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measurement compression and randomness extraction
Anurag Anshu∗ Rahul Jain† Naqueeb Ahmad Warsi‡
Abstract
We consider the problem of quantum measurement compression with side information in the one-shot setting
with shared randomness. In this problem, Alice shares a pure state with Reference and Bob and she performs a
measurement on her registers. She wishes to communicate the outcome of this measurement to Bob using shared
randomness and classical communication, in such a way that the outcome that Bob receives is correctly correlated
with Reference and Bob’s own registers. Our goal is to simultaneously minimize the classical communication and
randomness cost. We provide a protocol based on convex-split and position based decoding with its communication
upper bounded in terms of smooth max and hypothesis testing relative entropies.
We also study the randomness cost of our protocol in both one-shot and asymptotic and i.i.d. setting. By gen-
eralizing the convex-split technique to incorporate pair-wise independent random variables, we show that our one
shot protocol requires small number of bits of shared randomness. This allows us to construct a new protocol in the
asymptotic and i.i.d. setting, which is optimal in both the number of bits of communication and the number of bits of
shared randomness required.
We construct a new protocol for the task of strong randomness extraction in the presence of quantum side infor-
mation. Our protocol achieves error guarantee in terms of relative entropy (as opposed to trace distance) and extracts
close to optimal number of uniform bits. As an application, we provide new achievability result for the task of quantum
measurement compression without feedback, in which Alice does not need to know the outcome of the measurement.
This leads to the optimal number of bits communicated and number of bits of shared randomness required, for this
task in the asymptotic and i.i.d. setting.
1 Introduction
The formalism of quantum mechanics is well known to be statistical in nature, which limits an experimenter’s knowl-
edge about a given quantum system. Quantum measurement serves as the tool for obtaining this statistical informa-
tion, which can be used for further physical or information theoretic operations on the system. In fact, a large part
of quantum information theory is about finding most suitable quantum measurements in a given scenario, such as
for distinguishing quantum states or designing quantum algorithms. In this backdrop, an elementary but fundamen-
tally important problem is to understand how much information does a measurement statistic reveal about a quantum
system.
This problem was given a firm information theoretic treatment in the seminal work by Winter [1], building upon
the ideas developed in [2] and the follow-up work [3]. Consider the setting where Alice and Reference share n copies
of a joint pure state |Ψ〉RA and Alice wishes to communicate to Bob the outcome of a quantum measurement or
POVM Λ (which is a collection {Λc} of positive operators such that
∑
c Λc = I) performed on her registers A
n. It
was shown in [1] that with the aid of shared randomness, the amount of classical communication required by Alice is
the mutual information between Reference and measurement outcomes. This was achieved by showing that instead of
performing the measurementΛ itself, Alice could consider a decomposition of Λ in terms of a convex combination of
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POVMs {Λj} and send the outcome of the measurement Λj on her registers conditioned on sampling j from shared
randomness.
The work has found important applications in several information theoretic tasks (such as in [4]) and for distilling
pure states from bi-partite mixed states [5, 6, 7, 8, 9]. Subsequently its extension with quantum side information was
considered by Wilde, Hayden, Buscemi and Hsieh [10] in the asymptotic setting. Here, Alice, Bob and Reference
share a joint pure state and Alice wishes to transmit the measurement results to Bob. One can expect further compres-
sion in the communication due to the side information with Bob, which was shown to hold in [10]. This work also
provides a detailed overview of the result in [1] and discusses several related scenarios.
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Figure 1: Quantum measurement compression task. Alice applies a measurement on her register to obtain measurement outcome
in register C. Her task is to communicate the measurement outcome to Bob with the aid of only shared randomness.
We consider the same problem in the one shot setting. One-shot information theory provides a framework for
information processing in the scenarios which go beyond asymptotic and i.i.d. Apart from being relevant for practical
scenarios, this framework also provides insights into the inner workings of information protocols, as the complications
(and conveniences) arising due to many copies of the state are no longer present. Many quantum tasks have been
formulated in their one-shot setting, such as quantum state merging ([11, 12], originally introduced in [13]) and
quantum state redistribution ([14, 15, 16], originally introduced in [17, 18]). In this setting, the task of quantum
measurement compression is as follows (Figure 1)
Quantummeasurement compression task: Alice (A), Bob (B) and Reference (R) share a joint pure state |Ψ0〉RAB .
Alice performs a measurement on her registerA, described by the POVM Λ with POVM elements {Λc}c. Since Alice
also generates the record of the measurement in a register C, the overall transformation on the shared state can be
viewed as
|Ψ0〉〈Ψ0|RAB → ΨRAB :=
∑
c
p(c)|ψc〉〈ψc|RAB ⊗ |c〉〈c|C ,
where |ψc〉〈ψc| is the post-selected state on the measurement outcome c and p(c) is the probability of this outcome.
An equivalent way of phrasing this is as follows, which shall be crucial in our analysis. Alice attaches ancilla registers
CC¯ in a standard state and performs a unitary on her side to produce the following state:
|Ψ〉RACC¯B =
∑
c
√
p(c)|c〉C |c〉C¯ |ψc〉RAB .
Upon tracing out the register C¯ , Alice recovers the desired post-measurement state. The objective is that using shared
randomness and classical communication, Alice should communicate register C to Bob. In other words, Bob should
produce a register C′ such that the state in registersRABCC′ after the protocol is ΦRABCC′ satisfying
P(ΦRABCC′ ,
∑
c
p(c)|c〉〈c|C ⊗ |c〉〈c|C′ ⊗ |ψc〉〈ψc|RAB) ≤ ε,
where ε > 0 is error parameter and P(·, ·) represents purified distance. We note that the register C¯ is not taken into
account in the final state. This makes the present task different from the task of quantum state redistribution. In some
sense, present task is a hybrid between classical source coding and quantum state redistribution.
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The work [10] gave the optimal communication rate required to achieve this task in the asymptotic and i.i.d. set-
ting, showing that the communication rate is equal to I (R : C |B)Ψ and showed that the number of bits of shared
randomness required in the protocol is H(C|RB)Ψ. A related result that involved sending classical message in pres-
ence of quantum side information in the one-shot setting appeared in the work [19].
A natural variant of above task is when the correctness criteria is weakened to
P(ΦRBC′ ,
∑
c
p(c)|c〉〈c|C′ ⊗ |ψc〉〈ψc|RB) ≤ ε.
That is, Alice does not need to hold the outcome of the measurement. This task is known as quantum measurement
compression without feedback, and was first studied in [10]. The communication rate and randomness required is now
characterized by an auxillary random variableW , which can be generated by Alice and using which Bob can generate
the actual measurement outcome C. Thus, it suffices for Alice to generate W by some quantum measurement and
then communicate C to Bob. The work [10] characterized the communication cost and randomness cost of this task
in the asymptotic and i.i.d. setting.
Randomness extraction: Randomness extraction is a fundamental task in the cryptographic setting, where one is
required to extract uniform bits of randomness from a non-uniform source. If there is a party holding side information
about the non-uniform source, then it is desirable to have the uniform extracted bits independent of the party. It is well
known that some additional amount of randomness is required in the task, which acts in a catalytic way (is returned
after use) for strong randomness extractors. The problem of randomness extraction in the presence of quantum side
information has been studied in the many works (see, for example, [20, 21, 22, 23, 24, 25, 26, 27]) and is closely
related to various other cryptographic primitives such as privacy amplification [28] and information reconciliation
[20]. Performance of a randomness extractor is measured in terms of the number of uniform bits that are extracted
and the number of bits of additional randomness required.
Our results: We consider the task of quantum measurement compression in the one-shot setting (Section 4) and
present a protocol with communication upper bounded by
min
σC
(
Dεmax(ΨRBC‖ΨRB ⊗ σC)−Dε
2
H (ΨBC‖ΨB ⊗ σC)
)
+O
(
log
(
1
ε
))
,
where σC is a classical state (that is, it commutes with ΨC ). Above, D
ε
max (.‖.) is the smooth max-relative entropy
and Dε
2
H (.‖.) is the quantum hypothesis testing relative entropy. We note that this bound converges to I(R : C |B)Ψ
in the asymptotic and i.i.d. setting. A one-shot converse bound for this task appears in [29, Lemma 4.1], in terms of
the Re´nyi conditional entropies. We provide a converse result in Section 4.1 in terms of smooth max-relative entropy,
closely following the converse results given in [14].
We also consider the shared randomness cost of the protocol. We show that the number of bits of shared ran-
domness consumed by the protocol is given by −Dεmax (ΨRBC‖ΨRB ⊗ IC), a one shot analogue of the conditional
entropy H(C|RB)Ψ. While our one-shot protocol also requires a small amount of extra randomness to begin with
(which is approximately log |C| bits), this randomness is returned with high fidelity. By reusing it, we find that the
rate of shared randomness required in the asymptotic and i.i.d. setting is equal to H(C|RB)Ψ. This, thus recovers the
results in [10], with a conceptually different proof.
Further, we provide a new protocol for (strong) randomness extraction in presence of quantum side information
(Section 5). Our high level idea is that randomness extraction and quantummeasurement compression must be closely
related, as in the former case uniform random bits are gained (that are independent of other quantum systems), whereas
in the latter case, the random bits are consumed. Our protocol for randomness extraction follows from the convex-split
lemma based on pairwise independence (to be discussed below and obtained in Section 3). The number of uniform bits
extracted and the number of bits of initial randomness required are similar to the ‘pairwise independent hash function’
based randomness extractor discussed in [20]. That is, the number of uniform bits extracted is approximately the
conditional min-entropy of the source, and the number of bits of initial randomness is twice the number of bits of the
source (which is much larger than the best known constructions [25]). But we highlight that our construction shifts
from the standard paradigm of hash function based extractors.
An application of our randomness extractor is that, when combined with our protocol for quantum measurement
compression, we obtain a one-shot protocol for quantum measurement compression without feedback (Section 5).
The protocol runs the quantum measurement compression forW , and then extracts shared randomness fromW that
is independent of other relevant registers. We show, in the asymptotic and i.i.d. setting, that the communication
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cost and the number of bits of shared randomness required match with that obtained in [10] (which is optimal, as
already shown in [10]). Again, our protocol is conceptually different, and in fact shows that quantum measurement
compression without feedback is a ‘composition’ of quantum measurement compression and randomness extraction.
Techniques for the achievability result: We use the two techniques of convex-split (introduced in [15]) and position
based decoding (introduced in [30]) for our achievability result for quantummeasurement compression. As mentioned
earlier, the task of quantum measurement compression appears to have a close resemblance to the task of quantum
state redistribution where the register to be communicated is classical. However an important difference is that for
quantum state redistribution, the shared resource allowed between Alice and Bob is quantum entanglement whereas in
quantum measurement compression only classical randomness is allowed as a shared resource. This makes this task a
hybrid of classical and quantum state redistribution and requires a careful treatment.
Appealing to this hybrid setting, we use a special hybrid case of Uhlmann’s theorem. In the usual setting
Uhlmann’s theorem is used for bipartite pure quantum states and there is no version of it for for bipartite mixed
quantum states. A reason for this is that in bipartite pure states both the systems carry “full information” about each
other which is not the case with general mixed states. We consider mixed quantum states where mixed states are
classical-pure, that is a classical mixture of pure quantum states and the classical part appears as a copy in both the
systems of the bipartite state. Hence the two systems continue to have ‘full information’ about each other. This hybrid
Uhlmann’s theorem follows naturally from regular Uhlmann’s theorem. Equipped with this version of Uhlmann’s
theorem, we construct the desired protocol as given in Theorem 1.
Optimizing the randomness cost: While above two techniques give an optimal communication rate in the asymptotic
and i.i.d. setting, they do not give the optimal rate of shared randomness required by the protocol. The issue is that
the convex-split lemma uses a large amount of additional quantum states in its statement. We remedy this problem
by proving a new statement for the convex-split lemma for classical-quantum states (Lemma 1), which is one of the
main technical contributions of this work. This statement uses pairwise independent random variables and hence
leads to substantial reduction in the randomness cost (exponentially small in comparison to the statement given in
[15]). An interesting aspect of using pairwise independent random variables is that position-based decoding can also
be performed on it, without any reduction in the efficiency.
Convex-split lemma has recently been applied for classical-quantum states in the setting of one-shot private quan-
tum capacity in [31]. Our new statement implies that the codebook required for this protocol requires only pairwise
independent random variables. This considerably simplifies the derandomization task, as the support size of pairwise
independent random variables is exponentially smaller than independent random variables. Similar arguments apply
for the applications of our techniques given in the work [32], to various network setting in classical information theory.
Connection withWinter’s approach: One of the central techniques used in [1] was that of Operator-Chernoff bound
(proved in [33]), to derive the following inequality (below we give a ‘one-shot’ statement, it was originally stated in
asymptotic and i.i.d setting). Let C1, C2 . . . Cn be independent and identically distributed random variables such that
Ci ∼ p and let ρAC :=
∑
c p(c)|c〉〈c|⊗ ρcA be a classical quantum state. Then choosing n large enough (as a function
of error parameter ε), we have
∑
c1,c2...cn
p(c1)p(c2) . . . p(cn)‖ 1
n
ρc1A +
1
n
ρc2A + . . .
1
n
ρcnA − ρA‖1 ≤ ε. (1)
This statement was then used in the construction of the desired decomposition of the measurement operator. We note
that Operator-Chernoff bound used by Winter is a stronger statement than above, as it says that the probability that
1
nρ
c1
A +
1
nρ
c2
A + . . .
1
nρ
cn
A /∈ (1± ε)ρA decays exponentially in nε2.
It is possible to see that convex split technique implies Equation 1 (as discussed in Corollary 1), leading to a
connection between both approaches on a broader level. On the other hand, convex split technique is stronger than
Equation 1 as it is applicable to coherent setting as well, of which the classical-quantum setting considered above is a
special case.
It is also known that Equation 1 is central in the context of private quantum capacity [34] (also known as the
quantum wiretap channel). Recently, two different works gave one shot bounds for private capacity of a wiretap
channel: the work [31] used the convex split technique, whereas the work [35] used extensions of Operator-Chernoff
bound. Our discussion above suggests interesting connection between both the approaches.
4
2 Quantum information theory
For a finite set C, a probability distribution is a function p : C → [0, 1] satisfying∑c∈C p(c) = 1. For a finite set C
and an integer n, the probability distribution p(c1, c2, . . . cn) on C × C × . . .C is pairwise independent if p(ci, cj) =
p(ci)p(cj) for all i, j ∈ [n].
Consider a finite dimensional Hilbert spaceH endowed with an inner product 〈·, ·〉 (in this paper, we only consider
finite dimensional Hilbert-spaces). The ℓ1 norm of an operator X on H is ‖X‖1 := Tr
√
X†X and ℓ2 norm is
‖X‖2 :=
√
TrXX†. A quantum state (or a density matrix or a state) is a positive semi-definite matrix onH with trace
equal to 1. It is called pure if and only if its rank is 1. A sub-normalized state is a positive semi-definite matrix on H
with trace less than or equal to 1. Let |ψ〉 be a unit vector onH, that is 〈ψ, ψ〉 = 1. With some abuse of notation, we
use ψ to represent the state and also the density matrix |ψ〉〈ψ|, associated with |ψ〉. Given a quantum state ρ on H,
support of ρ, called supp(ρ) is the subspace ofH spanned by all eigen-vectors of ρ with non-zero eigenvalues.
A quantum register A is associated with some Hilbert space HA. Define |A| := dim(HA). Let L(A) represent
the set of all linear operators on HA and P(A) represent the set of positive semi-definite operators. We denote by
D(A), the set of quantum states on the Hilbert space HA. State ρ with subscript A indicates ρA ∈ D(A). If two
registers A,B are associated with the same Hilbert space, we shall represent the relation by A ≡ B. Composition of
two registers A and B, denoted AB, is associated with Hilbert space HA ⊗ HB . For two quantum states ρ ∈ D(A)
and σ ∈ D(B), ρ⊗ σ ∈ D(AB) represents the tensor product (Kronecker product) of ρ and σ. The identity operator
onHA (and associated register A) is denoted IA.
Let ρAB ∈ D(AB). We define
ρB := TrAρAB :=
∑
i
(〈i| ⊗ IB)ρAB(|i〉 ⊗ IB),
where {|i〉}i is an orthonormal basis for the Hilbert space HA. The state ρB ∈ D(B) is referred to as the marginal
state of ρAB . Unless otherwise stated, a missing register from subscript in a state will represent partial trace over that
register. Given a ρA ∈ D(A), a purification of ρA is a pure state ρAB ∈ D(AB) such thatTrBρAB = ρA. Purification
of a quantum state is not unique. A quantum state ρAB is classical-quantum with A being the classical register, if
it is of the form ρAB =
∑
a p(a)|a〉〈a| ⊗ ρaB , where {|a〉}a forms a basis, {p(a)}a is a probability distribution and
ρaB ∈ D(B). Given such a classical-quantum state ρAB with A being the classical register, we shall denote the state
on register B conditioned on the value a in register A by ρaB .
A quantum map E : L(A) → L(B) is a completely positive and trace preserving (CPTP) linear map (mapping
states in D(A) to states in D(B)). A quantum measurementN : L(A)→ L(A′C) is characterized by a collection of
operators {Nc : HA → HA′} that satisfy
∑
cN
†
cNc = IA and is given by
N (ρA) =
∑
c
|c〉〈c|C ⊗NcρAN †c .
A unitary operator UA : HA → HA is such that U †AUA = UAU †A = IA. An isometry V : HA → HB is such that
V †V = IA and V V † = IB . The set of all unitary operations on register A is denoted by U(A).
We shall consider the following information theoretic quantities. All the logarithms is in base 2. We consider only
normalized states in the definitions below. Let ε ∈ (0, 1).
1. Fidelity ([36], see also [37]). For ρA, σA ∈ D(A),
F(ρA, σA)
def
= ‖√ρA√σA‖1.
For classical probability distributions P = {pi}, Q = {qi},
F(P,Q)
def
=
∑
i
√
pi · qi.
2. Trace distance. For ρA, σA ∈ D(A),
∆(ρA, σA)
def
=
1
2
‖ρA − σA‖1.
3. Purified distance ([38]) For ρA, σA ∈ D(A),
P(ρA, σA)
def
=
√
1− F2(ρA, σA).
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4. ε-ball For ρA ∈ D(A),
Bε(ρA) def= {ρ′A ∈ D(A)| P(ρA, ρ′A) ≤ ε}.
5. Von Neumann entropy ([39]) For ρA ∈ D(A),
S(ρA)
def
= −Tr(ρA log ρA).
6. Relative entropy ([40]) For ρA, σA ∈ D(A) such that supp(ρA) ⊂ supp(σA),
D(ρA‖σA) def= Tr(ρA log ρA)− Tr(ρA log σA).
7. Relative entropy variance. For ρA, σA ∈ D(A) such that supp(ρA) ⊂ supp(σA),
V(ρ‖σ) := Tr(ρ(log ρ− log σ)2)− (D(ρ‖σ))2.
8. Mutual information For ρAB ∈ D(AB),
I(A : B)ρ
def
= S(ρA) + S(ρB)− S(ρAB) = D(ρAB‖ρA ⊗ ρB) .
9. Conditional mutual information For ρABC ∈ D(ABC),
I(A : B |C)ρ def= I(A : BC)ρ − I(A : C)ρ .
10. Conditional entropy For ρAB ∈ D(AB),
H(A|B) = S(ρAB)− S(ρB).
11. Max-relative entropy ([41]) For ρA ∈ D(A) and σA ∈ P(A) such that supp(ρA) ⊂ supp(σA),
Dmax(ρA‖σA) def= inf{λ ∈ R : 2λσA ≥ ρA}.
12. Smooth max-relative entropy ([41], see also [42]) For ρA ∈ D(A) and σA ∈ P(A) such that supp(ρA) ⊂
supp(σA),
Dεmax(ρA‖σA) def= inf
ρ′A∈Bε(ρA)
Dmax(ρ
′
A‖σA) .
13. Hypothesis testing relative entropy ([43], see also [44]) For ρA, σA ∈ D(A),
DεH(ρA‖σA) def= sup
0<Π<I,Tr(ΠρA)≥1−ε
log
(
1
Tr(ΠσA)
)
.
14. Conditional min-entropy ([20]) For ρAB ∈ D(AB),
Hmin(A|B)ρ def= − inf
σB∈D(B)
Dmax(ρAB‖IA ⊗ σB) .
15. Smooth conditional min-entropy ([20]) For ρAB ∈ D(AB),
Hεmin(A|B)ρ def= sup
ρ′∈Bε(ρ)
Hmin(A|B)ρ′ .
We will use the following facts.
Fact 1 (Triangle inequality for purified distance, [45]). For states ρA, σA, τA ∈ D(A),
P(ρA, σA) ≤ P(ρA, τA) + P(τA, σA).
Fact 2 ( Fuchs-van de Graaf inequalities, [46]). For states ρA, σA ∈ D(A),
∆(ρA, σA) ≤ P(ρA, σA) ≤
√
2∆(ρA, σA).
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Fact 3 (Monotonicity under quantum operations, [47],[48]). For quantum states ρ, σ ∈ D(A), and quantum map
E(·) : L(A)→ L(B), it holds that
P(E(ρ), E(σ)) ≤ P(ρ, σ) and F(E(ρ), E(σ)) ≥ F(ρ, σ) and D(ρ‖σ) ≥ D(E(ρ)‖E(σ)) .
Fact 4 (Uhlmann’s Theorem, [37]). Let ρA, σA ∈ D(A). Let ρAB ∈ D(AB) be a purification of ρA and σAC ∈
D(AC) be a purification of σA. There exists an isometry V : C → B such that,
F(|θ〉〈θ|AB , |ρ〉〈ρ|AB) = F(ρA, σA),
where |θ〉AB = (IA ⊗ V )|σ〉AC .
Fact 5 (Gentle measurement lemma,[49, 50]). Let ρ be a quantum state and 0 < A < I be an operator. Then
F(ρ,
AρA
Tr(A2ρ)
) ≥
√
Tr(A2ρ).
Fact 6 (Hayashi-Nagaoka inequality, [44] ). Let 0 < S < I, T be positive semi-definite operators. Then
I− (S + T )− 12S(S + T )− 12 ≤ 2(I− S) + 4T.
Fact 7 (Pinsker’s inequality and a stronger statement, [51], [52]). For quantum states ρA, σA ∈ D(A),
F(ρA, σA) ≥ 2− 12D(ρA‖σA).
This implies
‖ρA − σA‖21 ≤ 2D(ρ‖σ) .
Fact 8 ([53, 54]). Let ε ∈ (0, 1) and n be an integer. Let ρ⊗n, σ⊗n be quantum states. Define Φ(x) = ∫ x−∞ e−t2/2√2pi dt.
It holds that
Dεmax
(
ρ⊗n
∥∥σ⊗n) = nD(ρ‖σ) +√nV(ρ‖σ)Φ−1(ε) +O(log n),
Dε
2
H
(
ρ⊗n
∥∥σ⊗n) = nD(ρ‖σ) +√nV(ρ‖σ)Φ−1(ε) +O(log n).
Fact 9. For the function Φ(x) =
∫ x
−∞
e−t
2/2√
2pi
dt and ε ≤ 12 , it holds that |Φ−1(ε)| ≤ 2
√
log 12ε .
Proof. We have
Φ(−x) =
∫ −x
−∞
e−t
2/2
√
2π
dt =
∫ ∞
0
e−(−x−t)
2/2
√
2π
dt ≤ e−x2/2
∫ ∞
0
e−(−t)
2/2
√
2π
dt =
1
2
e−x
2/2.
Thus, Φ−1(ε) ≥ −2
√
log 12ε , which completes the proof.
Fact 10. Let ρ1 be a quantum state and {E2, E3, . . .} be a collection of quantum maps. Define a series of quantum
states {ρ2, ρ3, . . .} recursively as ρi = Ei(ρi−1). It holds that
P(ρi, ρ1) ≤ (i − 1)max
i
{P(Ei(ρ1), ρ1)}.
Proof. Consider
P(ρi, ρ1) = P(Ei(ρi−1), ρ1) ≤ P(Ei(ρi−1), Ei(ρ1)) + P(Ei(ρ1), ρ1) ≤ P(ρi−1, ρ1) + P(Ei(ρ1), ρ1).
This completes the proof by induction.
Fact 11. Let ρAB be a classical-quantum state with B being the classical register. For every ε ∈ (0, 1), it holds that
Dεmax
(
ρAB
∥∥∥∥ρA ⊗ IB|B|
)
≤ log |B|.
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Proof. For some distribution p(b), we have
ρAB =
∑
b
p(b)ρbA ⊗ |b〉〈b|B 
∑
b
p(b)ρbA ⊗ IB = |B|ρA ⊗
IB
|B| .
This implies that
Dmax
(
ρAB
∥∥∥∥ρA ⊗ IB|B|
)
≤ log |B|.
Since Dεmax
(
ρAB
∥∥∥ρA ⊗ IB|B|) ≤ Dmax(ρAB∥∥∥ρA ⊗ IB|B|) for all ε ∈ (0, 1), the proof concludes.
Following fact was implicitly present in [12] (see also Lemma 1 in [30]).
Fact 12. For a quantum states ρAB, σA, σB , it holds that
inf
ρ′∈B2ε(ρAB)
Dmax(ρ
′
AB‖ρ′A ⊗ σB) ≤ Dεmax(ρAB‖σA ⊗ σB) + 3 log
2
ε
.
Proof. Let ρ′′AB ∈ Bε(ρAB) be quantum state that achieves the optimum in Dεmax(ρAB‖σA ⊗ σB). From [30, Claim
5] (a formal statement of an argument originally given in [12]), there exists a quantum state ρ′AB ∈ Bε(ρ′′AB) such that
Dmax(ρ
′
AB‖ρ′A ⊗ σB) ≤ Dmax(ρ′′AB‖σA ⊗ σB) + 3 log
2
ε
.
Since ρ′AB ∈ B2ε(ρAB), the proof concludes.
Following fact is about explicit constructions of pairwise independent hash functions.
Fact 13 (Section 3, [55]). Let p be a prime, k be a positive integer and A,A′, B,B′ be sets of size |A| = |A′| = pk
and |B| = |B′| = p. There exist distinct functions {ha,b : A′ → B′, a ∈ A, b ∈ B} such that for all b′1, b′2 ∈
B′, a′1, a′2 ∈ A′
1
pk+1
|{a, b : ha,b(a′1) = b′1 & ha,b(a′2) = b′2}| =
1
p2
.
It leads to the following construction of pairwise independent probability distributions.
Claim 1. Let C be a set such that |C| is a prime number and n > 1 be an integer. There exists a pairwise independent
probability distribution q¯(c1, c2, . . . cn), taking values over the set C ×C× . . .C (n times) such that q¯(ci) = 1|C| for all
i ∈ {1, 2, . . . n} and ci ∈ C. The support size of q¯ is |C|k+1, where k def=
⌈
logn
log |C|
⌉
. Further, for any i ≤ n and ci ∈ C,
the distribution q¯(c1, . . . ci−1, ci+1, . . . cn|ci) is uniform in a support of size |C|k.
Proof. By definition, k is the smallest integer such that n ≤ |C|k. Let A,B be two sets such that |A| = |C|k and
|B| = |C|. Let A′ def= {1, 2, . . . |C|k} and B′ = C. Let ha,b : A′ → B′ be the function obtained from Fact 13 for
p = |C|. Define a distribution q¯ overA× B × Cn, where Cn def= C × . . .× C (n times), as follows.
q¯(a, b) =
1
|C|k+1 , q¯(c1, c2, . . . cn | a, b) = 1 iff ha,b(i) = ci ∀i ≤ n.
Since {ha,b} are distinct functions,
q¯(c1, c2, . . . cn) =
1
|C|k+1 if ∃(a, b) : ha,b(i) = ci ∀i ≤ n,
and 0 otherwise. Thus, the support size of q¯ over Cn is equal to |C|k+1. Using Fact 13, we conclude that for all i 6= j
such that i ≤ n, j ≤ n,
q¯(ci, cj) =
∑
a,b
q¯(a, b)q¯(c1, cj | a, b) = |{a, b : ha,b(i) = ci & ha,b(j) = cj}||C|k+1 =
1
|C|2 .
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Thus, q¯ is pairwise independent over the set Cn. Finally, fix an i ≤ n, ci ∈ C. Consider
q¯(c1, c2, . . . ci−1, ci+1, . . . cn|ci) = 1
q¯(ci)
· q¯(c1, c2, . . . cn)
=
1
|C|k if ∃(a, b) : ha,b(i) = ci ∀i ≤ n,
Again using the fact that {ha,b} are distinct functions, we conclude that q¯(c1, c2, . . . ci−1, ci+1, . . . cn|ci) is uniformly
distributed in a support of size |C|k. This completes the proof.
Given above claim, it is easy to construct a pairwise independent random variable q¯ with the marginal distribution
q¯(ci) equal to a given distribution q(ci), assuming that q takes rational values over C. For this, introduce a sufficiently
large set C′ and consider a function F : C′ → C which takes a probability distribution p over C′ to a probability
distribution F (p) over C. The set C′ is chosen such that there exists a function F that takes the uniform distribution
over C′ to the distribution q. If the distribution q¯ over C′ × C′ × . . . C′ is pairwise independent, then the distribution
F ×F × . . . F (q¯) over C ×C × . . . C is also pairwise independent (as F ×F (q¯(ci, cj)) = F (q¯(ci)) ·F (q¯(cj))). Thus,
we obtain the desired construction for a large family of marginal distributions q.
3 A convex-split lemma with limited randomness
The work [15] showed the following statement.
Fact 14 (Convex-split lemma, [15]). Let ρPQ ∈ D(PQ) and σQ ∈ D(Q) be quantum states such that supp(ρQ) ⊂
supp(σQ). Let k
def
= Dmax(ρPQ‖ρP ⊗ σQ). Define the following state
τPQ1Q2...Qn
def
=
1
n
n∑
j=1
ρPQj ⊗ σQ1 ⊗ σQ2 . . .⊗ σQj−1 ⊗ σQj+1 . . .⊗ σQn
on n + 1 registers P,Q1, Q2, . . .Qn, where ρPQj and σQj are copies of ρPQ and σQ (for all j ≤ n), respectively.
Then
D(τPQ1Q2...Qn‖ρP ⊗ σQ1 ⊗ σQ2 . . .⊗ σQn) ≤ log(1 +
2k
n
).
When the quantum state ρPQ is classical-quantum with register Q being classical in the basis of σQ, that is,
ρPQ =
∑
c p(c)ρ
c
P ⊗ |c〉〈c|Q and σQ =
∑
c q(c)|c〉〈c|Q, convex-split lemma implies Equation 1, as shown in the
following claim.
Corollary 1. Let ρPQ ∈ D(PQ) be a quantum state such that
ρPQ =
∑
c
p(c)ρcP ⊗ |c〉〈c|Q.
Above, {p(c)}c is a probability distribution. Then
∑
c1,...cn
p(c1) . . . p(cn)D
(
1
n
(ρc1P + . . . ρ
cn
P )
∥∥∥∥ρP
)
≤ log(1 + 2
k
n
).
This implies ∑
c1,...cn
p(c1) . . . p(cn)‖ 1
n
(ρc1P + . . . ρ
cn
P )− ρP ‖1 ≤
√
2k
n
.
Proof. We apply Fact 14 with σQ = ρQ and consider the classical-quantum state τPQ1Q2...Qn . It holds that
τc1,...cnP =
1
n
(ρc1P + . . . ρ
cn
P ).
Thus, we conclude from Fact 14 that
∑
c1,...cn
p(c1) . . . p(cn)D
(
1
n
(ρc1P + . . . ρ
cn
P )
∥∥∥∥ρP
)
≤ log(1 + 2
k
n
).
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Applying Fact 7, this implies that
∑
c1,...cn
p(c1) . . . p(cn)‖ 1
n
(ρc1P + . . . ρ
cn
P )− ρP ‖21 ≤
2k
n
,
and the convexity of the square function leads to
∑
c1,...cn
p(c1) . . . p(cn)‖ 1
n
(ρc1P + . . . ρ
cn
P )− ρP ‖1 ≤
√
2k
n
.
This completes the proof.
In the following, we will considerably improve upon above result in terms of additional randomness required.
The main motivation is the observation that the proof of the convex-split lemma, as given in [15], only requires some
max-relative entropy bounds on quantum states involved in pairs of registers.
Lemma 1. Let ρPQ ∈ D(PQ) and σQ ∈ D(Q) be quantum states such that
ρPQ =
∑
c
p(c)ρcP ⊗ |c〉〈c|Q, σQ =
∑
c
q(c)|c〉〈c|Q
and supp(ρQ) ⊂ supp(σQ). Above, {p(c)}c, {q(c)}c are probability distributions. Let
σ¯Q1Q2...Qn :=
∑
c1...cn
q¯(c1 . . . cn)|c1 . . . cn〉〈c1 . . . cn|
be a quantum state that satisfies σ¯Qj = σQ for all j ≤ n and q¯ is a pairwise independent probability distribution. Let
k
def
= Dmax(ρPQ‖ρP ⊗ σQ). Define the following states
τ
(j)
PQ1Q2...Qn
=
∑
c
p(c)ρcP ⊗ |c〉〈c|Qj ⊗ σ¯cQ1...Qj−1Qj+1...Qn , τPQ1Q2...Qn
def
=
1
n
n∑
j=1
τ
(j)
PQ1Q2...Qn
on n+ 1 registers P,Q1, Q2, . . .Qn. Then
D(τPQ1Q2...Qn‖ρP ⊗ σ¯Q1...Qn) ≤ log(1 +
2k
n
).
Proof. Consider the following identity (as shown in [15, Supplementary Material]) which can be verified by direct
calculation.
D(τPQ1...Qn‖ρP ⊗ σ¯Q1...Qn) =
1
n
∑
j
D
(
τ
(j)
PQ1Q2...Qn
∥∥∥ρP ⊗ σ¯Q1...Qn)
− 1
n
∑
j
D
(
τ
(j)
PQ1Q2...Qn
∥∥∥τPQ1...Qn) . (2)
Define the mapRj : Qj → Q1Q2 . . . Qn asRj(|c〉〈c|Qj ) = |c〉〈c|Qj ⊗ σ¯cQ1...Qj−1Qj+1...Qn . Then
D
(
τ
(j)
PQj
∥∥∥ρP ⊗ σQj) ≤ D(τ (j)PQ1Q2...Qn
∥∥∥ρP ⊗ σ¯Q1...Qn)
= D
(
IP ⊗Rj(τ (j)PQj )
∥∥∥IP ⊗Rj(ρP ⊗ σQj ))
≤ D
(
τ
(j)
PQj
∥∥∥ρP ⊗ σQj) .
Since τ
(j)
PQj
= ρPQj , we obtain D
(
τ
(j)
PQ1Q2...Qn
∥∥∥ρP ⊗ σ¯Q1...Qn) = D(ρPQj∥∥ρP ⊗ σQj ).
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The second term D
(
τ
(j)
PQ1Q2...Qn
∥∥∥τPQ1...Qn) is lower bounded by D(τ (j)PQj
∥∥∥τPQj) = D(ρPQj∥∥τPQj ). But
observe that
τPQj =
1
n
τ
(j)
PQj
+
1
n
∑
j′ 6=j
τ
(j′)
PQj
=
1
n
ρPQj +
1
n
∑
j′ 6=j
∑
c
p(c)ρcP ⊗ σ¯cQj
=
1
n
ρPQj +
1
n
∑
j′ 6=j
∑
c
p(c)ρcP ⊗ σQj
=
1
n
ρPQj +
n− 1
n
ρP ⊗ σQj
where second last equality follows since σ¯QjQj′ = σQj ⊗ σQj′ (as q¯ is pairwise independent).
By assumption, ρPQj ≤ 2kρP ⊗ σQj . Hence τPQj ≤ (1 + 2
k−1
n )ρP ⊗ σQj . Since log(A) ≤ log(B) if A ≤ B
for positive semidefinite matrices A and B (see for example, [56]), we have
D
(
ρPQj
∥∥τPQj ) = Tr(ρPQj log ρPQj )− Tr(ρPQj log τPQj )
≥ Tr(ρPQj log ρPQj )− Tr(ρPQj log(ρP ⊗ σQj ))− log(1 +
2k − 1
n
)
= D
(
ρPQj
∥∥ρP ⊗ σQj )− log(1 + 2k − 1n ).
Using in Equation 2, we find that
D(τPQ1...Qn‖ρP ⊗ σ¯Q1...Qn) ≤
1
n
∑
j
D
(
ρPQj
∥∥ρP ⊗ σQj )− 1n
∑
j
D
(
ρPQj
∥∥ρP ⊗ σQj)+ log(1 + 2k − 1n )
= log(1 +
2k − 1
n
).
Thus, the lemma follows.
A corollary of Lemma 1 is as follows.
Corollary 2. Fix an ε ∈ (0, 1). Let ρPQ ∈ D(PQ) and σQ ∈ D(Q) be quantum states such that
ρPQ =
∑
c
p(c)ρcP ⊗ |c〉〈c|Q, σQ =
∑
c
q(c)|c〉〈c|Q
and supp(ρQ) ⊂ supp(σQ). Above, {p(c)}c, {q(c)}c are probability distributions. Let
σ¯Q1Q2...Qn :=
∑
c1...cn
q¯(c1 . . . cn)|c1 . . . cn〉〈c1 . . . cn|
be a quantum state that satisfies σ¯Qj = σQ for all j ≤ n and q¯ is a pairwise independent probability distribution. Let
k
def
= minρ′PQ∈Bε(ρPQ)Dmax
(
ρ′PQ
∥∥ρ′P ⊗ σQ). Define the following states
τ
(j)
PQ1Q2...Qn
=
∑
c
p(c)ρcP ⊗ |c〉〈c|Qj ⊗ σ¯cQ1...Qj−1Qj+1...Qn , τPQ1Q2...Qn
def
=
1
n
n∑
j=1
τ
(j)
PQ1Q2...Qn
on n+ 1 registers P,Q1, Q2, . . .Qn, where ∀j ∈ [n] : ρPQj = ρPQ. For δ ∈ (0, 1) and n ≥ ⌈ 2
k
δ2 ⌉,
P(τPQ1Q2...Qn , ρP ⊗ σ¯Q1...Qn) ≤ 2ε+ δ.
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Proof. Let ρ′PQ achieve the minimum in the definition of k. Since the quantum state ρ
′′
PQ, obtained by measuring
ρ′PQ in the eigenbasis of σQ, satisfies ρ
′′
PQ ∈ Bε (ρPQ) and Dmax
(
ρ′′PQ
∥∥ρ′′P ⊗ σQ) ≤ k (by Fact 3), we can assume
that ρ′PQ itself is a classical quantum state.
We apply Lemma 1 to quantum states ρ′PQ, σQ to obtain that
D
(
τ ′PQ1Q2...Qn
∥∥ρ′P ⊗ σ¯Q1...Qn) ≤ log(1 + 2kn ) ≤ log(1 + δ2),
where
τ ′PQ1Q2...Qn
def
=
1
n
n∑
j=1
τ
′(j)
PQ1Q2...Qn
, τ
′(j)
PQ1Q2...Qn
=
∑
c
p(c)ρ′cP ⊗ |c〉〈c|Qj ⊗ σ¯cQ1...Qj−1Qj+1...Qn .
Observe that P(τ ′PQ1Q2...Qn , τPQ1Q2...Qn) ≤ ε.
FromPinsker’s inequality (Fact 7) we conclude thatF2(τ ′PQ1Q2...Qn , ρ
′
P⊗σ¯Q1...Qn) ≥ 11+δ2 , orP(τ ′PQ1Q2...Qn , ρ′P⊗
σ¯Q1...Qn) ≤ δ. The lemma concludes by triangle inequality for purified distance.
4 An achievability bound for quantum measurement compression
We formally introduce the task, starting from the point where Alice has already ‘coherently’ applied the a quantum
measurement on her registers.
Definition 1 (Quantum measurement compression). Fix an ε ∈ (0, 1), and consider the state |Ψ〉〈Ψ|RACC¯B of the
form
∑
c
√
p(c)|c〉C |c〉C¯ |ψc〉RAB . An (m, r1, r2, ε)- quantum measurement compression protocol consists of
• a classical-classical state (or preshared randomness) θEAEB between Alice (EA) and Bob (EB),
• an encoding isometry by Alice V : HACC¯EA → HACC¯QTAT ′A , and
• a decoding isometry by BobW : HQBEB → HBC′TBT ′B , where C′ ≡ C
such that
P
(
TrT ′AT ′BC¯
(
WV (ΨRABC ⊗ θEAEB )V †W †
)
,ΨRABCC′ ⊗ ωTATB
)
≤ ε,
for some classical-classical state ωTATB . The number of bits communicated is m = log |Q|, number of bits of
initial shared randomness is r1 = max(log |EA|, log |EB|) and final number of bits of shared randomness is r2 =
min(log |TA|, log |TB|).
Note that in the above definition, the registers T ′A, T
′
B may be arbitrarily correlated with other registers, but they
are discarded and do not count in the randomness gained. The registers TA, TB contain the gained randomness. Note
that the gained randomness is independent of ΨRABCC′ , which is important since this randomness can be used for
future tasks.
We prove the following theorem for the task in Definition 1. The randomness consumed below is characterized by
Dεmax(ΨRBC‖ΨRB ⊗ IC), which is closely related to Hεmin(C|RB), except that the optimization over register RB is
not present.
Theorem 1. Let |Ψ〉〈Ψ|RACC¯B ∈ D(RACC¯B) be a pure quantum state of the form
∑
c
√
p(c)|c〉C |c〉C¯ |ψc〉RAB ,
σC ∈ D(C) be a quantum state satisfying supp(ΨC) ⊆ supp(σC) that commutes with ΨC and ε ∈ (0, 1/10). There
exists a (m, r1, r2, 10ε)- quantum measurement compression protocol with
m ≤ Dεmax(ΨRBC‖ΨRB ⊗ σC)−Dε
2
H (ΨBC‖ΨB ⊗ σC) + 7 log
(
1
ε
)
.
If σC is chosen to be the uniform distribution, then
r1 ≤ 2 log |C|+ log 8
ε5
and
r2 ≥ 2 log |C|+Dεmax(ΨRBC‖ΨRB ⊗ IC) + log
8
ε5
.
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Outline of the proof: In the protocol, Alice and Bob pre-share the pairwise independent randomness in n registers
(where n is to be specified below), where the registers are divided into several blocks of size b each (b is again to
be specified below). They start with the quantum state where the measurement has already been performed (that is,
the quantum state |Ψ〉RACC¯B) . This step in itself is a point of departure from the proof given in [1, 10], where
the POVM was decomposed into a convex combination of other POVMs. On the other hand, in our protocol, Alice
only focuses the post measurement state. Conditioned on a sample from the shared randomness, Alice applies an
appropriate unitary on her registers which correlates the register C with a location on the shared randomness. If Alice
had communicated this location to Bob, the task would be completed as Bob would be able to pick up the correct
randomness. Instead, she only tells the block number to Bob, who then finds out the correct location by performing
quantum hypothesis testing.
Proof. We begin with defining some important quantities for the proof.
1. Quantum states and registers involved in the proof: Let σC be of the form σC =
∑
c q(c)|c〉〈c|C . Let
k
def
= Dεmax(ΨRBC‖ΨRB ⊗ σC) , n def= ⌈8 ·
2k
ε5
⌉, b def= ⌈ε2 · 2Dε
2
H (ΨBC‖ΨB⊗σC)⌉.
Let
k′ def= min
Ψ′RBC∈B2ε(ΨRBC)
Dmax(Ψ
′
RBC‖Ψ′RB ⊗ σC) .
From Fact 12, it holds that k′ ≤ k + log 8ε3 . Thus, n ≥ ⌈ 2
k′
ε2 ⌉. The assumption that supp(ΨC) ⊆ supp(σC) ensures
that all the above quantities are well defined. By definition of Dε
2
H (ΨBC‖ΨB ⊗ σC), there exists a projector ΠBC
such that
Tr(ΠBCΨBC) ≥ 1− ε2, Tr(ΠBCΨB ⊗ σC) ≤ ε2/b.
Let σCC′
def
=
∑
c q(c)|c〉〈c|C ⊗ |c〉〈c|C′ be an extension of σC and
σ¯C1C′1...CnC′n :=
∑
c1,...cn
q¯(c1, . . . cn)|c1, . . . cn〉〈c1, . . . cn|C1...Cn ⊗ |c1, . . . cn〉〈c1, . . . cn|C′1...C′n
be the quantum state such that the probability distribution {q¯(c1, . . . cn)}c1,...cn is pairwise independent and satisfies
q¯(ci) = q(ci). Define the quantum states,
ξRBC1C′1...CnC′n
def
= ΨRB ⊗ σ¯C1C′1...CnC′n ,
ξRABCC¯C1...CnC′1...C′n
def
= |Ψ〉〈Ψ|RABCC¯ ⊗ σ¯C1C′1...CnC′n ,
and
µRBC1C′1...CnC′n
def
=
1
n
n∑
j=1
∑
c
p(c)ψcRB ⊗ |c, c〉〈c, c|CjC′j ⊗ σ¯cC1C′1...Cj−1C′j−1Cj+1C′j+1...CnC′n .
Note that ΨRB = µRB . Consider,
µRBC1C′1...CnC′n =
1
n
n∑
j=1
∑
c
p(c)ψcRB ⊗ |c, c〉〈c, c|CjC′j ⊗ σ¯cC1C′1...Cj−1C′j−1Cj+1C′j+1...CnC′n
a
=
1
n
n∑
j=1
∑
cj
p(cj)ψ
cj
RB ⊗ |cj , cj〉〈cj , cj |CjC′j ⊗ σ¯
cj
C1C′1...Cj−1C
′
j−1Cj+1C
′
j+1...CnC
′
n
b
=
1
n
n∑
j=1
∑
c1,...cn
p(cj)ψ
cj
RB ⊗ q¯(c1, . . . cj−1cj+1 . . . cn | cj)|c1, c1 . . . cn, cn〉〈c1, c1 . . . cn, cn|C1C′1...CnC′n
=
1
n
n∑
j=1
∑
c1,...cn
p(cj)
q(cj)
ψ
cj
RB ⊗ q¯(c1 . . . cn)|c1, c1 . . . cn, cn〉〈c1, c1 . . . cn, cn|C1C′1...CnC′n
=
∑
c1...cn
q¯(c1 . . . cn)|c1 . . . cn〉〈c1 . . . cn|C1...Cn ⊗ |c1 . . . cn〉〈c1 . . . cn|C′1...C′n ⊗

 1
n
n∑
j=1
p(cj)
q(cj)
ψ
cj
RB

 ,
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where (a) follows by renaming c→ cj and (b) follows from the fact that σcj is the quantum state conditioned on the
value cj . Let
γ(c1, c2, . . . cn)
def
=
1
n
n∑
j=1
p(cj)
q(cj)
be a normalization parameter. Introducing a new register J , define the following quantum state for every c1, c2 . . . cn:
|θc1,c2...cn〉JRAB def= 1√
γ(c1, c2, . . . cn)
n∑
j=1
1√
n
√
p(cj)
q(cj)
|ψcj 〉RAB |j〉J .
Define an extension of µRBC1C′1...CnC′n as,
µRBAJC1C′1...CnC′n
def
=∑
c1...cn
γ(c1, . . . cn) · q¯(c1 . . . cn)|c1 . . . cn〉〈c1 . . . cn|C1...Cn ⊗ |c1 . . . cn〉〈c1 . . . cn|C′1...C′n
⊗|θc1...cn〉〈θc1...cn |JRAB .
Using the Corollary 2 and choice of n we have,
P(ξRBC1C′1...CnC′n , µRBC1C′2...CnC′n) ≤ 5ε.
Thus, using Claim 4, we find that there exists an isometry depending on c1, c2, . . . cn: U
c1...cn : HACC¯ → HAJ such
that,
P
(( ∑
c1...cn
|c1 . . . cn〉〈c1 . . . cn| ⊗ U c1...cn
)
ξRACC¯BC1C′1...CnC′n( ∑
c1...cn
|c1 . . . cn〉〈c1 . . . cn| ⊗ U c1...cn†
)
, µRBAJC1C′1...CnC′n
)
= P(ξRBC1C′1...CnC′n , µRBC1C′1...CnC′n) ≤ 5ε. (3)
2. The protocol: Consider the following protocol P .
1. Alice and Bob share the quantum state σ¯C1C′1...CnC′n , where Alice holds the registers C1, C2, . . . Cn and Bob
holds the registers C′1, C
′
2, . . . C
′
n. Alice, Bob and Reference share the quantum state |Ψ〉RABCC¯ between
themselves where Alice holds the registersACC¯ , Reference holds the registerR and Bob holds the registersB.
2. Conditioned on the values c1, c2 . . . cn in registers C1C2 . . . Cn, Alice applies the isometry U
c1,c2...cn on her
register ACC¯ .
• The resulting state is close to the quantum state µRBAJC1C′1...CnC′n , by Equation 3.
3. Alice measures the register J and obtains the measurement outcome j ∈ [n]. She sends the integer j1 def=
⌊(j − 1)/b⌋ to Bob in a register J1 using classical communication. Let j2 def= j % b be held by Alice in a
register J2. Here, j % b is equal to j mod b (where mod is the remainder function) if j < b, and is equal to b
otherwise.
4. Bob swaps the registers C′b·j1+1, C
′
b·j1+2, . . . C
′
b·j1+b with the set of registers C
′
1, C
′
2, . . . C
′
b in that order. In the
same fashion, Alice swaps the registers Cb·j1+1, Cb·j1+2, . . . Cb·j1+b with the set of registers C1, C2, . . . Cb in
that order.
• If the shared state in step 2were µRBAJC1C′1...CnC′n , the joint quantum state in the registersRBAJ2C′1C1 . . . C′bCb
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at this step would be
µ
(2)
RBAJ2C′1C1...C
′
bCb
=
∑
c1...cb
q¯(c1 . . . cb)|c1 . . . cb〉〈c1 . . . cb|C1...Cb ⊗ |c1 . . . cb〉〈c1 . . . cb|C′1...C′b ⊗
1
b
b∑
j2=1
p(cj2)
q(cj2)
|ψcj2 〉〈ψcj2 |RAB ⊗ |j2〉〈j2|J2


=
1
b
b∑
j2=1
∑
c
p(c)ψcRB ⊗ |c, c〉〈c, c|Cj2C′j2 ⊗
σ¯cC1C′1...Cj2−1C′j2−1Cj2+1C
′
j2+1
...CbC′b
⊗ |j2〉〈j2|J2 .
5. Define,
Πj′
2
def
= IC′
1
⊗ . . . IC′
j′
2
−1
⊗ΠBC′
j′
2
⊗ IC′
j′
2
+1
. . .⊗ IC′b and Π
def
=
b∑
j′
2
=1
Πj′
2
.
Bob applies the measurement (the hypothesis testing measurement)
A(X) =
b∑
j′
2
=1
(√
Π−
1
2Πj′
2
Π−
1
2
)
X
(√
Π−
1
2Πj′
2
Π−
1
2
)
⊗ |j′2〉〈j′2|J′2
+
(√
I−Π0
)
X
(√
I−Π0
)
⊗ |0〉〈0|J′
2
,
where J ′2 is the outcome register and Π
0 is the projector onto the support of Π.
6. Upon obtaining the outcome j′2 (if not equal to 0), Bob swaps C
′
j′
2
, C′1. If the outcome is equal to 0, Bob
performs no operation. He computes j′ = j1 · b + j′2 and stores the value in a register J ′.
7. Alice swaps the registers Cj2 , C1. We note that this step could also be performed after Step 3.
8. Final quantum state is obtained in the registers RABC1C
′
1C2C
′
2JJ
′, where the registers RABC1C′1 con-
tain the actual output and the registers C2C
′
2JJ
′ contain the returned shared randomness. We represent it
as Φ′RABC1C′1C2C′2JJ′ .
• If the shared state in step 2were µRBAJC1C′1...CnC′n , let the final quantum state in registersRABC1C′1C2C′2JJ ′
be Φ1RABC1C′1C2C′2JJ′
.
Define
µidealRABCC1C′1C2C′2JJ′
def
= ΨRBAC1C′1 ⊗

 1
n
∑
j
|j, j〉〈j, j|JJ′

⊗ σ¯C2C′2 .
We have the following claim.
Claim 2 (Hypothesis testing succeeds well). It holds that P(Φ1, µideal) ≤ √18ε.
Proof. Applying the measurementA to the quantum state µ(2)RABC1C′1...CbC′b , we obtain the quantum stateA(µ
(2)
RABC1C′1...CbC
′
b
).
Let the conditional probabilities pj′
2
|j2 be defined as follows:
pj′
2
|j2
def
= Tr
(
Π−
1
2Πj′
2
Π−
1
2
∑
c
p(c)ψcRB ⊗ |c〉〈c|C′j2 ⊗ σ¯
c
C′
1
...C′j2−1
C′j2+1
...C′b
)
,
p0|j2
def
= Tr
(
(I−Π0)
∑
c
p(c)ψcRB ⊗ |c〉〈c|C′j2 ⊗ σ¯
c
C′
1
...C′j2−1
C′j2+1
...C′b
)
.
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Define the quantum state
µ(4)
def
=
1
b
∑
j2
∑
c
p(c)ψcRB ⊗ |c, c〉〈c, c|C′j2Cj2 ⊗ σ¯
c
C1C′1...Cj2−1C
′
j2−1
Cj2+1C
′
j2+1
...CbC′b
⊗|j2, j2〉〈j2, j2|J2,J′2 .
From Claim 5, we find that
F(A(µ(2)), µ(4)) ≥ (1
b
∑
j2
pj2|j2)
3/2.
Now using Hayashi-Nagaoka inequality (Fact 6) with c = 1, we obtain
1
b
∑
j′
2
6=j2
pj′
2
|j2 ≤
2
b
∑
j2
Tr
(
(I −Πj2 )
∑
c
p(c)ψcRB ⊗ |c〉〈c|Cj2
⊗σ¯cC1C′1...Cj2−1C′j2−1Cj2+1C′j2+1...CbC′b
)
+
4
b
∑
j2
Tr
(
(
∑
j′
2
6=j2
Πj′
2
)
∑
c
p(c)ψcRB ⊗ |c〉〈c|Cj2
⊗σ¯cC1C′1...Cj2−1C′j2−1Cj2+1C′j2+1...CbC′b
)
=
2
b
∑
j2
Tr((I −Πj2 )ΨBC′j2 ) +
4
b
∑
j2
Tr((
∑
j′
2
6=j2
Πj′
2
)ΨB ⊗ σC′j2 )
≤ 2ε2 + 4(b− 1)ε
2
b
≤ 6ε2.
The equality above uses the pairwise independence of q¯. This implies that
1
b
∑
i
pi|i =
1
b
∑
i,j2
pi|j2 −
1
b
∑
i6=j2
pi|j2 ≥ 1− 6ε2.
Thus,
F2(µ4,A(µ2)) ≥ (1− 6ε2)3 ≥ 1− 18ε2.
Now, Bob swaps registers C′j′
2
and C′1, controlled on value j
′
2 in register J
′
2, and Alice swaps registers Cj2 , C1 con-
trolled on the value j2 in J2. These operations on the quantum state µ
4 give the quantum state µidealRBAC1C′1C2C′2JJ′
in
registers RBAC1C
′
1C2C
′
2JJ
′, using the pairwise independence of q¯. The claim now follows by the monotonicity of
purified distance under quantum operations (Fact 3).
3. Analysis of the protocol: Since quantum maps (the entire protocol P can be viewed as a quantum map from input
to output) do not decrease fidelity (monotonicity of fidelity under quantum operation, Fact 3), we have,
P(Φ1RABC1C′1C2C′2JJ′ ,Φ
′
RABC1C′1C2C
′
2
JJ′) ≤ 5ε. (4)
This implies using Claim 2 and triangle inequality for purified distance 1 that
P(Φ′RABC1C′1C2C′2JJ′ , µ
ideal
RABC1C′1C2C
′
2
JJ′) ≤ 10ε. (5)
That is, Φ′RABC1C′1 ∈ B
10ε
(
ΨRABC1C′1
)
. The number of bits communicated by Alice to Bob in P is upper bounded
by:
log(n/b) ≤ Dεmax(ΨRBC‖ΨRB ⊗ σC)−Dε
2
H (ΨBC‖ΨB ⊗ σC) + 7 log
(
1
ε
)
.
Randomness required: Let σC be chosen to be
IC
|C| , that is, the maximally mixed quantum state. By expanding
the dimension of HC from |C| to 2|C| if required, we can assume that |C| is a prime (due to Bertrand’s postulate
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[57]). The shared randomness σ¯C1C′1C2C′2...CnC′n is to be chosen such that for all i, q¯(ci) =
1
|C| and for all i 6= j,
q¯(ci, cj) =
1
|C|2 . We construct q¯ using Claim 1. The number of bits of shared randomness required to generate q¯ is⌈
logn
log |C|
⌉
· log |C|+ log |C| ≤ max {logn, log |C|}+ log |C|.
From the choice of n, we have
logn = Dεmax
(
ΨRBC
∥∥∥∥ΨRB ⊗ IC|C|
)
+ log
8
ε5
≤ log |C|+ log 8
ε5
.
This leads to the desired bound on the amount of randomness required.
Randomness returned: As concluded in Equation 5,
P

Φ′RBAJJ′C1C′1C2C′2JJ′ ,ΨRBAC1C′1 ⊗

 1
n
∑
j
|j, j〉〈j, j|JJ′

⊗ σ¯C2C′2

 ≤ 10ε.
Thus, logn+log |C| bits of shared randomness are returned by the protocol with error at most 10ε in purified distance.
This completes the proof by using the value of n.
Claims used in the theorem
A few claims were used in the proof that we discuss below. Following claim is well known for classical quantum
states, which we prove for completeness.
Claim 3 (Fidelity between classical quantum states). Let ρXA, σXA be two c-q states of the form
ρXA =
∑
x
p(x)|x〉〈x|X ⊗ ρxA, σXA =
∑
x
q(x)|x〉〈x|X ⊗ σxA.
Then
F(ρXA, σXA) =
∑
x
√
p(x)q(x)F(ρxA, σ
x
A).
Proof. We have that
F(ρXA, σXA)
= Tr
(√∑
x
p(x)|x〉〈x|X ⊗ ρxA
∑
x
q(x)|x〉〈x|X ⊗ σxA
√∑
x
p(x)|x〉〈x|X ⊗ ρxA
)1/2
= Tr
(
(
∑
x
√
p(x)|x〉〈x|X ⊗
√
ρxA)(
∑
x
q(x)|x〉〈x|X ⊗ σxA)(
∑
x
√
p(x)|x〉〈x|X ⊗
√
ρxA)
)1/2
= Tr
(∑
x
p(x)q(x)|x〉〈x|X ⊗
√
ρxAσ
x
A
√
ρxA
)1/2
= Tr
(∑
x
√
p(x)q(x)|x〉〈x|X ⊗
√√
ρxAσ
x
A
√
ρxA
)
=
∑
x
√
p(x)q(x)Tr
(√√
ρxAσ
x
A
√
ρxA
)
=
∑
x
√
p(x)q(x)F(ρxA, σ
x
A).
This proves the claim.
We have used the following classical-quantum version of Uhlmann’s theorem.
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Claim 4 (Classical-quantum Uhlmann’s theorem). Let ρXAB, σXAC be two c-q states of the form
ρXAB =
∑
x
p(x)|x〉〈x|X ⊗ |ρx〉〈ρx|AB, σXAC =
∑
x
q(x)|x〉〈x|X ⊗ |σx〉〈σx|AC .
There exists a set of isometries {Ux : B → C} such that
F
((∑
x
|x〉〈x|X ⊗ IA ⊗ Ux
)
ρXAB
(∑
x
|x〉〈x|X ⊗ IA ⊗ Ux†
)
, σXAC
)
= F(ρXA, σXA).
Proof. For every x, there exists an isometry Ux : B → C, as guaranteed by Uhlmann’s Theorem 4, such that
F
(
(IA ⊗ Ux)|ρx〉〈ρx|AB(IA ⊗ Ux†), |σx〉〈σx|AC
)
= F(ρxA, σ
x
A).
The fact follows from the expression (Fact 3)
F(ρXA, σXA) =
∑
x
√
p(x)q(x)F(ρxA, σ
x
A),
and the relation
F
((∑
x
|x〉〈x|X ⊗ IA ⊗ Ux
)
ρXAB
(∑
x
|x〉〈x|X ⊗ IA ⊗ Ux†
)
, σXAC
)
=
∑
x
√
p(x)q(x)F
(
(IA ⊗ Ux)|ρx〉〈ρx|AB(IA ⊗ Ux†), |σx〉〈σx|AC
)
.
Gentle measurement lemma is used to prove the following claim applied in conjunction with hypothesis testing.
Claim 5 (Pretty good POVM). Consider a quantum state ρA =
∑
i λiρ
i
A and a map A(X) =
∑
i PiXPi ⊗ |i〉〈i|O,
such that 0 < Pi < I,
∑
i P
2
i = I (O is considered the output register for the measurement A). Define the state
ρ′AO
def
=
∑
i piρ
i
A ⊗ |i〉〈i|O and let pi|j def= Tr(P 2i ρjA) be the probability of obtaining outcome i on quantum state ρjA.
Then it holds that
F(ρ′AO,A(ρA)) ≥ (
∑
i
λipi|i)3/2.
Proof. We abbreviate σAO
def
= A(ρA). This implies that
σAO =
∑
i,j
λiPjρ
i
APj ⊗ |j〉〈j|O.
Define
σgoodAO
def
=
1∑
i λipi|i
∑
i
λiPiρ
i
APi ⊗ |i〉〈i|O and σbadAO def=
1
1−∑i λipi|i
∑
i6=j
λiPjρ
i
APj ⊗ |j〉〈j|O.
Then we can decompose σAO as
σAO = (
∑
i
λipi|i)σ
good
AO + (1 −
∑
i
λipi|i)σbadAO .
From concavity of fidelity, this gives us
F(σAO, ρ
′
AO) ≥ (
∑
i
λipi|i)F(σ
good
AO , ρ
′
AO)
= (
∑
i
λipi|i) ·
(
1√∑
i λipi|i
∑
i
λi
√
pi|i · F(Piρ
i
APi
pi|i
, ρiA)
)
.
Now employing Gentle measurement lemma (Fact 5), we conclude that
F(σAO, ρ
′
AO) ≥
√∑
i
λipi|i(
∑
i
λi
√
pi|i · √pi|i) = (
∑
i
λipi|i)3/2.
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4.1 A converse bound
The work [29] provided some converse bounds for the task in Definition 1 in terms of quantum Re´nyi entropies. Here,
we provide converse bounds in terms of smooth max-relative entropy. The converse below closely follows the proof
of converse for quantum state redistribution given in [14].
Corollary 3. Fix ε, δ ∈ (0, 1), and consider the state |Ψ〉〈Ψ|RACC¯B of the form
∑
c
√
p(c)|c〉C |c〉C¯ |ψc〉RAB . For
any (m, r1, r2, ε)- quantum measurement compression protocol for |Ψ〉〈Ψ|RACC¯B , it holds that
m ≥ inf
σBC
Dε+δmax(ΨRBC‖ΨR ⊗ σBC)−Dδmax(ΨRB‖ΨR ⊗ΨB) .
Proof. Let Ψ′RB be the quantum state achieving the optimum in D
δ
max (ΨRB‖ΨR ⊗ΨB). Let |Ψ′〉〈Ψ′|RAB be it’s
purification such that P(Ψ′RAB,ΨRAB) ≤ δ (as guaranteed by Uhlmann’s theorem, Fact 4). Suppose Alice measures
Ψ′RAB obtaining outcomes in register CC¯ and runs the protocol on the resulting quantum state. Let ΩRBQEB be the
quantum state with Bob after Alice’s message. Since QEB are classical registers, we have
ΩRBQEB  |Q|Ψ′RB ⊗
IQ
|Q| ⊗ θEB ,
as ΩRBEB = Ψ
′
RB ⊗ θEB . Thus,
ΩRBQEB  |Q|2D
δ
max(ΨRB‖ΨR⊗ΨB)ΨR ⊗ΨB ⊗ IQ|Q| ⊗ θEB .
Applying Bob’s operation on ΩRBQEB and tracing out register TB, we obtain a quantum state Ψ
′′
RBC′ such that
P(Ψ′′RBC′ ,ΨRBC′) ≤ ε+δ. Let σBC be the quantum state obtained after applying Bob’s operation onΨB⊗ IQ|Q|⊗θEB
and tracing out register TB. Then,
Ψ′′RBC′  |Q|2D
δ
max(ΨRB‖ΨR⊗ΨB)ΨR ⊗ σBC .
Thus, we conclude that
inf
σBC
Dε+δmax(ΨRBC‖ΨR ⊗ σBC) ≤ log |Q|+Dδmax(ΨRB‖ΨR ⊗ΨB) .
This completes the proof by settingm = log |Q|.
We point out that combining the converse in [29] and the relations between quantum Re´nyi entropies and smooth
conditional min-entropy [58, Corollary 3.6], we conclude that the following is a converse bound on the classical
communication cost:
Hεmin(R|B)Ψ −Hεmax(R|CB)Ψ −O
(
log
1
ε
)
.
This expression may be incomparable to that obtained in Corollary 3.
4.2 Asymptotic and i.i.d. analysis
Now, we discuss the asymptotic and i.i.d. behavior of our bounds, showing the randomness required and communi-
cation cost of the protocol in Theorem 1. We show the following theorem, where we use the shorthand Rn (similarly
for other registers) to represent n copies of the register R. This result is obtained by running the protocol obtained in
Theorem 1 several times and recycling the shared randomness each time.
Theorem 2. Let |Ψ〉RACC¯B :=
∑
c
√
p(c)|c〉C |c〉C¯ |ψc〉RAB be a quantum state. For every ε ∈ (0, 1/10) and integer
n ≥ 1, there exists a (Q(n, ε), S(n, ε), O(√n), 10ε)- quantum measurement compression protocol for the quantum
state |Ψ〉⊗n
RABCC¯
such that
lim
n→∞
1
n
Q(n, ε) = I(R : C |B) , lim
n→∞
1
n
S(n, ε) = H(C|BR).
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Proof. Let m :=
√
n and ε′ := mεn . We divide the state |Ψ〉⊗nRACC¯B into nm blocks of states |Ψ〉⊗mRACC¯B . Alice and
Bob pre-share
2m log |C| − n
m
Dε
′
max
(
Ψ⊗mRBC
∥∥Ψ⊗mRB ⊗ I⊗mC )− 5 log ε′
bits of shared randomness. Consider,
Dε
′
max
(
Ψ⊗mRBC
∥∥∥∥Ψ⊗mRB ⊗ I⊗mC|C|m
)
= m log |C|+Dε′max
(
Ψ⊗mRBC
∥∥Ψ⊗mRB ⊗ I⊗mC )
a
= m log |C|+mD(ΨRBC‖ΨRB ⊗ IC)
+
√
mV(ΨRBC‖ΨRB ⊗ IC)Φ−1(ε′) +O(logm)
= m log |C| −mH(C|RB)Ψ +
√
mV(ΨRBC‖ΨRB ⊗ IC)Φ−1(ε′) +O(logm),
where (a) uses Fact 8. Combining this with the identity
Dε
′
max
(
Ψ⊗mRBC
∥∥∥∥Ψ⊗mRB ⊗ I⊗mC|C|m
)
= Dε
′
max
(
Ψ⊗mRBC
∥∥Ψ⊗mRB ⊗ I⊗mC )+m log |C|,
we find that the number of bits of randomness initially present with Alice and Bob is
S(n, ε) = 2m log |C| − n
m
Dε
′
max
(
Ψ⊗mRBC
∥∥Ψ⊗mRB ⊗ I⊗mC )− 5 log ε′
= 2m log |C|+ nH(C|RB)Ψ + n√
m
√
V(ΨRBC‖ΨRB ⊗ IC)Φ−1(ε′) +O(log(mn/ε))
a≤ 2m log |C|+ nH(C|RB)Ψ +
n
√
log nmε√
m
√
V(ΨRBC‖ΨRB ⊗ IC) +O(log(mn/ε)), (6)
where (a) uses Fact 9. Similarly, we have
S(n, ε) ≥ 2m log |C|+ nH(C|RB)Ψ −
n
√
log nmε√
m
√
V(ΨRBC‖ΨRB ⊗ IC) +O(log(mn/ε)) (7)
Alice and Bob run protocol P given in Theorem 1 on the quantum state Ψ⊗m
RACC¯B
with 2m log |C| − 5 log ε′ bits of
shared randomness. The protocol P returns
Dε
′
max
(
Ψ⊗mRBC
∥∥∥∥Ψ⊗mRB ⊗ I⊗mC|C|m
)
+m log |C| = 2m log |C|+Dε′max
(
Ψ⊗mRBC
∥∥Ψ⊗mRB ⊗ I⊗mC )
bits of shared randomness with error 10ε′. Thus, the protocol consumes−Dε′max
(
Ψ⊗mRBC
∥∥Ψ⊗mRB ⊗ I⊗mC ) bits of shared
randomness. After this, Alice and Bob run the protocol for second block. For this, they add−Dε′max
(
Ψ⊗mRBC
∥∥Ψ⊗mRB ⊗ I⊗mC )
bits of shared randomness (to compensate for the amount consumed in previous protocol; note that this quantity is
positive, by Fact 11). This process continues for all the nm blocks.
From Fact 10, we have that the overall error in terms of purified distance is at most 10 nmε
′ ≤ 10ε. The number of
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bits communicated in the protocol is
Q(n, ε) =
n
m
(
Dε
′
max
(
Ψ⊗mRBC
∥∥∥∥Ψ⊗mRB ⊗ I⊗mC|C|m
)
−Dε′2H
(
Ψ⊗mBC
∥∥∥∥Ψ⊗mB ⊗ I⊗mC|C|m
)
+ 6 log
(
1
ε′
))
=
n
m
(
Dε
′
max
(
Ψ⊗mRBC
∥∥Ψ⊗mRB ⊗ I⊗mC )−Dε′2H (Ψ⊗mBC ∥∥Ψ⊗mB ⊗ I⊗mC )+ 6 log
(
1
ε′
))
a≤ n
m
(
mD(ΨRBC‖ΨRB ⊗ IC) +
√
mV(ΨRBC‖ΨRB ⊗ IC)|Φ−1(ε′)|+O(logm)
− mD(ΨBC‖ΨB ⊗ IC) +
√
mV(ΨBC‖ΨB ⊗ IC)|Φ−1(ε′)|+ 6 log
(
1
ε′
))
= n · I(R : C |B)Ψ +
n
m
O(log(mn/ε))
+
n√
m
(
√
V(ΨBC‖ΨB ⊗ IC) +
√
V(ΨRBC‖ΨRB ⊗ IC))|Φ−1(ε′)|
b≤ n · I(R : C |B)Ψ +
n
m
O(log(mn/ε))
+
n
√
log nmε√
m
(
√
V(ΨBC‖ΨB ⊗ IC) +
√
V(ΨRBC‖ΨRB ⊗ IC)),
where (a) uses Fact 8 and (b) uses Fact 9. Similarly, we have
Q(n, ε) ≥ n · I(R : C |B)Ψ +
n
m
O(log(mn/ε))− n
√
log nmε√
m
(
√
V(ΨBC‖ΨB ⊗ IC) +
√
V(ΨRBC‖ΨRB ⊗ IC))
Combining with Equations 6, 7 and settingm =
√
n, we find that
lim
n→∞
1
n
S(n, ε) = H(C|RB)Ψ, lim
n→∞
1
n
Q(n, ε) = I(R : C |B)Ψ .
This completes the proof.
5 Randomness extraction and quantum measurement compression without
feedback
We formally define the task of a quantum proof (strong) randomness extraction, adapted from [25, Definition 3.2].
Definition 2 (A quantum proof strong randomness extractor). Fix an ε ∈ (0, 1) and a registerC with a basis {|c〉}|C|c=1.
Let θU =
IU
|U| be a uniform distribution on register U (the seed). A (k, log |U |, log |V |, ε) - quantum proof randomness
extraction protocol consists of a register V , a unitaryW : HC ⊗ HA ⊗ HU → HC′ ⊗ HV ⊗ HU¯ for some ancilla
register A, register C′ and U¯ ≡ U . It is required that for all classical-quantum states ΨGC , where C is the classical
register in the basis {|c〉}|C|c=1, satisfying Dmax(ΨGC‖ΨG ⊗ IC) ≤ −k,
D
(
TrC′W (ΨGC ⊗ |0〉〈0|A ⊗ θU )W †
∥∥∥∥ΨG ⊗ IV|V | ⊗ θU¯
)
≤ ε.
Remark 1. Conditions in the above definition: The error in above definition is measured in terms of relative
entropy, as opposed to trace distance in [25], making our criteria stronger. The conditional min-entropy criteria
Hmin (C|G)Ψ ≥ k in [25] is weakened to −Dmax (ΨGC‖ΨG ⊗ IC) ≥ k. But this weakening does not lead to much
difference if one measures the error in trace distance (as done in [25]) and allows a further error of δ ∈ (0, 1). For
this, use Fact 12 to observe that
− min
Ψ′GC∈Bδ(ΨGC)
Dmax(Ψ
′
GC‖Ψ′G ⊗ IC) ≥ −min
σG
D
δ
2
max(ΨGC‖σG ⊗ IC)− 3 log 4
δ
= H
δ
2
min(C|G)Ψ − 3 log
4
δ
.
Thus, for any quantum state ΨGC satisfying H
δ
2
min (C|G)Ψ ≥ k + 3 log 4δ , there exists a quantum state Ψ′GC ∈Bδ (ΨGC) (which can be assume to be classical-quantum, see Corollary 2) such that −Dmax (Ψ′GC‖Ψ′G ⊗ IC) ≥ k.
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A (k, log |U |, log |V |, ε) - quantum proof randomness extractor (with associated unitaryW ) satisfies
D
(
TrC′W (Ψ
′
GC ⊗ |0〉〈0|A ⊗ θU )W †
∥∥∥∥Ψ′G ⊗ IV|V | ⊗ θU¯
)
≤ ε.
Fact 7 implies that
P
(
TrC′W (Ψ
′
GC ⊗ |0〉〈0|A ⊗ θU )W †,Ψ′G ⊗
IV
|V | ⊗ θU¯
)
≤ √ε.
Using triangle inequality for purified distance (Fact 1), we conclude that
P
(
TrC′W (ΨGC ⊗ |0〉〈0|A ⊗ θU )W †,ΨG ⊗ IV|V | ⊗ θU¯
)
≤ √ε+ 2δ.
From Fact 2, it holds that
∆
(
TrC′W (ΨGC ⊗ |0〉〈0|A ⊗ θU )W †,ΨG ⊗ IV|V | ⊗ θU¯
)
≤ √ε+ 2δ.
Thus, log |V | bits are extracted with error√ε+ 2δ in trace distance, whenever H δ2min(C|G)Ψ ≥ k + 3 log 4δ .
Remark 2. Shared randomness extraction: A protocol captured by Definition 2 can also be used to obtain shared
randomness in two-party setting. More precisely, if the joint quantum state ΨGCC′ =
∑
c p(c)|c, c〉〈c, c|CC′ ⊗ΨcG is
shared in a manner that Alice holdsC, Bob holds C′ andG is shared between Alice, Bob and a third party, then Alice
and Bob can jointly run a quantum proof strong randomness extractor protocol, using the shared randomness θUU ′ =
1
|U|
∑
u |u, u〉〈u, u|U,U ′ and gain a shared randomness τV V ′ = 1|V |
∑
v |v, v〉〈v, v|V,V ′ . It holds that τV V ′ ⊗ θUU ′ is
almost independent of ΨG, up to error ε in purified distance.
We have the following result.
Theorem 3. For ε ∈ (0, 1), a register C with a basis {|c〉}|C|c=1 and a real number k > 0, there exists a(
k, 2 log |C| − k + 2 log 1
ε
, k − log 1
ε
− 1, ε
)
- quantum proof randomness extraction protocol.
Remark 3. Efficiency of the protocol: While we only provide an achievability proof in the information theoretic
sense, it can be observed that the protocol is also efficient. This follows from the fact that the construction of pairwise
independent random variables (as stated in Fact 13, derived from [55]) can be done efficiently.
Proof of Theorem 3. Let n
def
= ⌈ |C|·2−kε ⌉. Let q¯ be the pairwise independent distribution over C × C × . . . C (n times)
as constructed in Claim 1. Let C1, . . . Cn ≡ C be n copies of the register C and σC1,...Cn be the quantum state
obtained from the distribution q¯ in the basis {|c1, . . . cn〉}. For any quantum state ΨGC satisfying
Dmax
(
ΨGC
∥∥∥∥ΨG ⊗ IC|C|
)
= log |C|+Dmax(ΨGC‖ΨG ⊗ IC) ≤ log |C| − k,
invoke Lemma 1, with P ← G and Q← C. From Lemma 2, it holds that
D

 1
n
n∑
j=1
∑
c
p(c)ΨcG ⊗ |c〉〈c|Cj ⊗ σcC1,...Cj−1,Cj+1,...Cn
∥∥∥∥∥∥ΨG ⊗ σC1,...Cn

 ≤ ε. (8)
Set b
def
= ⌈ lognlog |C|⌉, let U1
def
= C × C × . . . C (b times) and J be a register of dimension n. Let U def= U1J and
θU =
IU1
|U1| × IJ|J| .
Protocol: The protocol is as follows, which is constructed only using the value k.
1. Rename the reigster C with C1. Introduce registers C2, . . . Cn in the state ⊗ni=2|1〉〈1|Ci and the register U ≡
U1J in the state θU .
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2. Conditioned on value j in register J , swap Cj with C1. The global quantum state at this stage is
1
n
n∑
j=1
|j〉〈j|J ⊗ΨGCj ⊗ |1〉〈1|C1 ⊗ . . . |1〉〈1|Cj−1 ⊗ |1〉〈1|Cj+1 ⊗ . . . |1〉〈1|Cn ⊗
IU1
|U1| .
3. Conditioned on the value j in register J and cj in register Cj , apply a unitaryW1 which maps the state
|1〉〈1|C1 ⊗ . . . |1〉〈1|Cj−1 ⊗ |1〉〈1|Cj+1 ⊗ . . . |1〉〈1|Cn ⊗
IU1
|U1|
to the state
σ
cj
C1,...Cj−1Cj+1...Cn
⊗ |1〉〈1|U1 .
This is possible since q¯(c1, . . . cj−1, cj+1, . . . cn|cj) is uniform in a support of size |U1| = |C|b, as guaranteed
by Claim 1. The global quantum state at this stage is
1
n
n∑
j=1
|j〉〈j|J ⊗
∑
c
p(c)ΨcG ⊗ |c〉〈c|Cj ⊗ σcC1,...Cj−1,Cj+1,...Cn ⊗ |1〉〈1|U1 .
4. Apply a unitaryW2 which maps the quantum state
σC1,...Cn
to the quantum state
IC1
|C| ⊗ . . .
ICb+1
|C| ⊗ |1〉〈1|Cb+2 ⊗ . . . |1〉〈1|Cn .
This is possible since q¯ is uniform in a support of size |C|b+1, as guaranteed by Claim 1. From Equation 8, the
overall quantum state on registers GC1, . . . Cn, U1 is close to
ΨG ⊗ IC1|C| ⊗ . . .
ICb+1
|C| ⊗ |1〉〈1|Cb+2 ⊗ . . . |1〉〈1|Cn ⊗ |1〉〈1|U1 .
5. Set C′ def= JCb+1 . . . CnU1 and choose U¯ , V such that U¯V
def
= C1 . . . Cb+1 and |U¯ | = |U | = |U1||J |. This can
be achieved by dividing C1, . . . Cb+1 into smaller registers.
Analysis: We obtain
|V | = |C|
b+1
|U1||J | =
|C|b+1
|C|b|J | =
|C|
n
.
Thus,
log |V | = log |C|
n
≥ log(2kε)− 1 = k − log 1
ε
− 1.
Further,
log |U | = log |U1|+ log |J | = b log |C|+ logn ≤ 2 log |C| − k + 2 log 1
ε
,
where the inequality holds since logn = log |C| − k + log 1ε which implies that ⌈ log nlog |C|⌉ · log |C| ≤ log |C|+ log 1ε .
This completes the proof.
Comparison with previous work: It was shown in [59] that a randomness extractor acting on a source with min
entropy k can extract uniform distribution (up to error ε in trace distance) on at most k − 2 log 1ε + O(1) number of
bits. This bound is achieved, up to additive constants, in [20, Corollary 5.5.2]. The construction in [25, Corollary
5.4] extracts k − 4 log 1ε bits, but with exponential improvement in the seed size in comparison to Theorem 3 or [20,
Corollary 5.5.2]. In our construction in Theorem 3, error of ε in relative entropy allows us to extract k − log 1ε − 1
number of uniform bits. By Fact 7, error of ε in relative entropy implies an error of 2
√
ε in trace distance, showing
the optimality of our construction in terms of the number of bits extracted.
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5.1 Quantum measurement compression without feedback
A consequence of our result on randomness extraction is that quantum measurement compression can be performed
in the case where Alice does not need to possess the outcome of the measurement. We formally introduce the task.
Definition 3 (Quantum measurement compression without feedback). Fix an ε ∈ (0, 1), and consider the state
|Ψ〉〈Ψ|RA0B . Let N : L(A0)→ L(AC) be a quantum measurement acting as
N (ρA0) =
∑
c
|c〉〈c|C ⊗NcρA0N †c
and ΨRAC
def
= N (|Ψ〉〈Ψ|RA0B). An (m, r1, r2, ε)- quantum measurement compression protocol without feedback
consists of
• a classical-classical state (or preshared randomness) θEAEB between Alice (EA) and Bob (EB),
• an encoding map by Alice E : L(A0EA)→ L(QTA), and
• a decoding map by Bob D : L(QBEB)→ L(BC′TB), where C′ ≡ C
such that
P (DE(ΨRABC ⊗ θEAEB ),ΨRBC′ ⊗ ωTATB ) ≤ ε,
for some classical-classical state ωTATB . The number of bits communicated is m = log |Q|, number of bits of
initial shared randomness is r1 = max(log |EA|, log |EB|) and final number of bits of shared randomness is r2 =
min(log |TA|, log |TB|).
We have the following one-shot result.
Theorem 4. Fix ε, δ ∈ (0, 1), a quantum state |Ψ〉〈Ψ|RA0B and a quantum measurementN : L(A0)→ L(AC). Fix
a registerW . LetM : L(A0)→ L(AW ) be a quantum measurement acting as
M(ρA0) =
∑
w
|w〉〈w|W ⊗MwρA0M †w
and p(c|w) be a probability distribution conditioned on each w, such that
N (ρA0) =
∑
c,w
p(c|w)|c〉〈c|C ⊗MwρA0M †w.
Define the quantum state
ΨRBACW
def
=
∑
c,w
p(c|w)|c〉〈c|C ⊗ |w〉〈w|W ⊗MwΨRBA0M †w.
There exists a (m, r1, r2, 10ε+ 3δ) - quantum measurement compression protocol without feedback such that
m ≤ Dεmax(ΨRBW ‖ΨRB ⊗ IW )−Dε
2
H (ΨBW ‖ΨB ⊗ IW ) + 7 log
(
1
ε
)
,
r1 ≤ 4 log |W |+ log 64
ε5δ5
and
r2 ≥ 4 log |W |+Dεmax(ΨRBW ‖ΨRB ⊗ IW )−D
δ
2
max(ΨRBCW ‖ΨRBC ⊗ IW )− log 8ε
5
δ5
.
Proof. Let UM : HA0 → HA ⊗HW ⊗HW¯ be the isometry acting as
UM|ρ〉A0 =
∑
w
|w,w〉WW¯ ⊗Mw|ρ〉A0 .
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Define |Ψ〉RBAWW¯ def= UM|Ψ〉RBA0 . Observe that ΨRBAW =
∑
w p(w)|w〉〈w|W ⊗ ΨwRBA, for some probability
distribution p(w). Alice and Bob implement the (m, r′1, r
′
2, 10ε)- quantum measurement compression protocol as
given in Theorem 1 with σW =
IW
|W | ,
m ≤ Dεmax(ΨRBW ‖ΨRB ⊗ IW )−Dε
2
H (ΨBW ‖ΨB ⊗ IW ) + 7 log
(
1
ε
)
,
r′1 ≤ 2 log |W |+ log
8
ε5
and
r′2 ≥ 2 log |W |+Dεmax(ΨRBW ‖ΨRB ⊗ IW ) + log
8
ε5
.
The protocol outputs the quantum stateΨRBAWW ′ up to error 10ε in purified distance, where Alice holds the register
W and Bob holds the registerW ′. Since ΨRBAWW ′ =
∑
w p(w)|w,w〉〈w,w|W,W ′ ⊗ ΨwRBA, Bob can produce the
register C′ according to the conditional distribution p(c|w). Then the resulting joint distribution is
ΨRBAWW ′C′ =
∑
w,c
p(c|w)p(w)|c〉〈c|C′ ⊗ |w,w〉〈w,w|W,W ′ ⊗ΨwRBA.
Let k := −minΨ′RBCW∈Bδ(ΨRBCW )Dmax(Ψ′RBCW ‖Ψ′RBC ⊗ IW ). Following Remark 2, Alice and Bob run the
(k, 2 log |W | − k − 4 log 1
δ
, k − 2 log 1
δ
, δ2)
-quantum proof randomness extraction protocol as obtained in Theorem 3, with number of initial shared randomness
equal to
2 log |W | − k − 4 log 1
δ
,
such that the number of bits of shared randomness gained by the protocol is at least
k − log 1
δ2
≥ −D δ2max(ΨRBCW ‖ΨRBC ⊗ IW )− log 64
δ5
.
This implies that total initial randomness required for the protocol is
r1 ≤ 4 log |W |+ log 64
ε5δ5
and the total final randomness obtained is
r2 ≥ 4 log |W |+Dεmax(ΨRBW ‖ΨRB ⊗ IW )−D
δ
2
max(ΨRBCW ‖ΨRBC ⊗ IW )− log 8ε
5
δ5
.
The overall error in purified distance is 10ε+ 3δ, by applying triangle inequality for purified distance (Fact 1) to the
error guarantees in Theorems 1 and 3 (we also apply Fact 7 to Theorem 3 to convert the error guarantee in relative
entropy to error guarantee in purified distance). This completes the proof.
In the asymptotic and i.i.d. setting, we obtain the following corollary, using the technique of recycling the shared
entanglement as elaborated in Theorem 2. This recovers the corresponding result in [10].
Corollary 4. Let |Ψ〉RA0C be a quantum state and N : L(HA0) → L(HA ⊗ HC) be a quantum measurement. Let
M : L(HA0)→ L(HA ⊗HW ) be a quantum measurement acting as
M(ρA0) =
∑
w
|w〉〈w|W ⊗M †wρA0Mw
and p(c|w) be a probability distribution for each w, such that
N (ρA0) =
∑
c,w
p(c|w)|c〉〈c|C ⊗MwρA0M †w.
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Define the quantum state
ΨRBACW
def
=
∑
c,w
p(c|w)|c〉〈c|C ⊗ |w〉〈w|W ⊗M †wΨRBA0Mw.
For every ε ∈ (0, 1/13) and integer n ≥ 1, there exists a (Q(n, ε), S(n, ε), O(√n), 13ε)- quantum measurement
compression protocol without feedback for |Ψ〉⊗nRA0C andN⊗n such that
lim
n→∞
1
n
Q(n, ε) = I(R : W |B) , lim
n→∞
1
n
S(n, ε) = H(W |BR) −H(W |CBR).
Proof. The proof follows along the lines similar to Theorem 2, by applying the achievability proof given in Theorem
4 and using Fact 8.
Conclusion
We have studied the problem of quantum measurement compression with quantum side information in the one-shot
setting. Previously, this task had been studied only in the asymptotic and i.i.d. setting [1, 10]. We have discussed
the communication required to achieve such a task and the randomness cost of the protocol. These discussions are
facilitated by a new formulation of the convex-split lemma which allows for a substantial reduction in the randomness
cost. As a result, we obtain optimal rates of communication and randomness cost in the asymptotic and i.i.d. setting,
obtaining a new optimal protocol for this task.
Furthermore, we also obtain a new protocol for the important cryptographic primitive of strong randomness ex-
traction in presence of quantum side information, using the convex-split lemma with limited randomness and obtain
near optimal number of uniform bits (characterized by the conditional min-entropy [20]). An important question in
this direction is if we can reduce the number of bits of initial randomness (the state of the art being much smaller, as
obtained in [25]). Through a composition of our protocol for randomness extraction and quantum measurement com-
pression, we obtain a one-shot protocol for quantummeasurement compression without feedback, which converges to
the optimal rate in the asymptotic and i.i.d. setting [10].
An exciting problem is to use the one-shot quantum measurement compression results (with side information),
for tasks such as one-shot purity distillation [5, 6, 7, 8, 9] or simulation of measurements on quantum states shared
between Alice, Bob and Reference. Another important question is if it is possible to reduce the amount of shared
entanglement in protocols that use convex-split and position based decoding techniques, potentially employing a fully
quantum notion of pairwise independence or exploiting the ideas developed in [60]. Present formulation only applies
in the classical-quantum setting with shared randomness, which does not cover all possible quantum information
theoretic scenarios. Along similar lines, it is plausible that our techniques would lead to reduction in the amount of
catalyst used in the works [61, 62] for the randomness cost of resource destruction in resource theories.
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